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We prove factorization and gauge invariance of the twist-3 single-spin-dependent cross 
section in the leading order perturbative QCD, which was missing in the previous 
literature. We emphasize that the consistency relation from the Ward identities for 
color gauge invariance is crucial to guarantee the cancelation among the various gauge- 
noninvariant contributions in the cross section. This relation also proves the absence 
of the "derivative" terms in the cross section corresponding to the hard-pole and soft- 
fermion-pole contributions. Applying the formalism to SIDIS, ep^ eivX, we have 
derived the complete cross section associated with the twist-3 distribution for the trans- 
versely polarized nucleon. 

In the framework of the collinear factorization for hard inclusive processes, single spin 
asymmetry (SSA) in semi-inclusive reactions is a twist-3 observable and can be described 
by using certain quark-gluon correlation functions on the hghtcone. In our recent paper [5], 
we have establised the twist-3 formalism for SSA, providing a proof for factorization prop- 
erty and gauge invariance of the single spin-dependent cross section in the leading order 
perturbative QCD, which was missing in the previous literature I3]-[in]- We also apphed the 
method to derive the formula for SSA in semi-inclusive deep inelastic scattering (SIDIS), 
ep^ eirX. Here we shall state what had to be clarified for the twist-3 calculation in the 
previous literature, refering the readers to [2] for the details. 

There are two independent twist-3 distribution functions for the transversely polarized 
nulcon. They can be defined in terms of the gluon's field strength F"^ as 

Mp{xi,X2)ij 

= ^ (^).. e-^-'^^G^l^i, ^2) + SlGp{x,,X2) + . • . , (1) 

where -0 is the quark field, p and S±_ are, respectively, momentum and spin vectors of the 
nucleon. p can be regarded as light-like {p^ = 0) in the twist-3 accuracy, is the light-like 
vector (n^ = 0) with p ■ n = 1, and the spin vector satisfies S'^ = — 1, S± ■ p = S± • n = 0. 
[/in, Xn] is the gauge-link operator. The twist-3 distributions can also be defined in terms 
of the transverse component of the covariant dervative = d1 — i.gA" as 

J Ztt J Ztt 

= ^ (^h ^''''''^GDixi,X2) + (75^),, S1Gd{x,,X2) + ■■■. (2) 
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Figure 1: Generic diagrams for the hadronic tensor of ep^ enX which contribute in the 
twist-3 accuracy. 

By introducing the nucleon mass Mat, the four functions Gp, Gp, Go and Go are defined 
as dimensionlcss. The "i^-type" functions {Gf,Gf} and the "_D-type" functions {Gd^Gd} 
are not independent. They are related as [7] 

Gd{xi,X2) = P ^ Gf{xi,X2), (3) 

Gd{xi,X2) = S{xi - X2)g{xi) + P Gf{xi,X2), (4) 

Xi - X2 

where g{x) is a function expressed in terms of {Gf,Gf} and the twist-2 quark hehcity 
distribution Aq{x) • The relations ([3]) and ([4]) indicate that one cannot find the partonic 
hard cross sections for the F-type and i?-type functions independently. We use the "less 
singular" F-type functions as a complete set for the twist-3 distributions. 

To present our formalism we focus on the single-spin-dependent cross section in SIDIS, 
e{i) + {p, S±) e{£') + n{Pii) + X, and consider the contribution associated with the 
twist-3 distribution in the transversely polarized nucleon. Here the twist-2 fragmentation 
function for the final pion is immediately factorized from the hadronic tensor g, Ph) 

(q = i — £' is the momentum of the virtual photon) as 

w,Ap,<i,Ph) = E / ^^.(^K.b,9,-) , (5) 

3=q,g 

where Dj{z) is the quark and gluon fragmentation functions for the pion. To extract the 
twist-3 effect in w^^, one has to analyze the diagrams shown in Fig. 1, where the momenta 
for the parton lines are assigned. The lower blobs in the figure represent the nucleon matrix 
elements. They are the Fourier transforms of the correlation functions which are schmatically 
written as M^°\k) - (V^V-) and Af fe) ~ where (• • •) = {pS i_\ ■ ■ ■ \pS i) . 

The middle blobs, S^^\k, q, P^/ z) and Sa\ki, q, Ph/ z), are the partonic hard scattering 
parts, and the upper blobs represent the fragmentation function for the pion. To analyze 
these diagrams, we work in the Feynman gauge. A standard procedure to extract the twist- 
3 effect is the collinear expansion in terms of the parton momenta k and fci^2 around the 
component pararell to the parent nucleon's momentum p. Since M^^-*"^^ is suppressed by 
compared with M^^^"^+, one needs the collinear expansion only for the component 
s':^^ = sjj^^pP/p'^ for the right diagram of Fig. 1. 
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In the approach by Qiu and Sterman 2] using Feynnian gauge, d'^A'^ appearing in the 
colhnear expansion is identified as a part of the gluon's field strength F-^^ = 9^ —d^A-^ — 

ig[A^,A+], and thus dsl^\ki, k2, q, Ph/ z)pP /dk^j_ , appearing as the coefficient of 

ki—Xip 

{'ij}{d^A'^)ip), was identified as the hard part for the i^-type functions. In order to justify 
this procedure, it is necessary to show that "—d'^A^" also appears with exactly the same 
coefficient as that for d-^A'^. Note that, in the Feynman gauge, the matrix element of 
the type {'ipd-^A'^ip) is equally important as {ipd~^A-^ip), and both matrix elements have 
to be treated as the same order in the collinear expansion. This is because, even though 
{■tpA^il') ^ (ipA-'-ip) in the Feynman gauge in a frame with p+ ^ p~ ,p^, action of d-^ to 
the gluon field in (ipA'^ip) brings relative suppression compared with . 

On the other hand, was identified as a part of = — igA^ in [4J, and 
s'f\xip, X2P, q, Ph/ z), appearing as the coefficient of was treated as the hard 

part for the D-type functions, independently from the F-type functions. However, if one 
identifies "— part in F^^, it also affects the coefficients of {■ijjA-^ip). 

In this way, the twist-3 formalism presented by [5] was not complete, in particular, the 
gauge invariance and uniqueness of factorization formula was not shown explicitly. 

Above consideration forces us to reorganize the collinear expansion. Since i^-type and 
D-type functions are related as in ([3]) and ([4]), we take the approach of expressing the cross 
section in terms of _F-type functions only. Detailed analysis of the diagrams shown in Fig. 1 
shows that the singlc-spin-dcpendcnt cross section in the leading order perturbation theory 
arises solely from the right diagram in Fig.l. Taking into account the —d^A^ term in F-^^ , 
we eventually arrive at the following result for ui^^^ in ([5]): 



dxi / da;2Tr 



. a ,,r/3. N dSl^\ki,k2,q,Ph/z)p 



(6) 



with the consistency conditions 



dSl^\ki,k2,q,Ph/z)pP 



dk^ 



{X2 - Xi) 

dSi^\ki,k2,q,Ph/z)pP 



dkf 



ki—Xi 



+ 5"^^^' {xip, X2P, q, Ph/z) = 0, 

ki —Xip 

dSi^\ki,k2,q,Ph/z)pP 



dkq 



0, 



(7) 
(8) 



ki—Xip 



a(3 



-p°'n^ and Tr[- • • ] indicates the Dirac 



the real quantity w^^^ is given as the pole contri- 



for a =_L, where Afp(xi, X2) is given in p]). 
trace, while color trace is implicit. In ([6|), 

butions [31 U from internal propagators of the hard part dSp^\ki, k2, q, Ph/ z)pP /dk2 

ki—Xip 

which are classified as hard-pole (HP), soft-fermion-pole (SFP) and soft-gluon-pole (SGP) 
contributions. Since these three kinds of poles occur at different points in phase space, one 
can prove that each pole contribution satisfies the two conditions ([7]) and ([5]) separately, 
and the whole hadronic tensor can be written in terms of the i^-type functions only, 
including all the HP, SFP and SGP contributions. We emphasize the crucial role of the two 
conditions ^ and ([8]): Using these conditions for each pole contribution, the various terms 
associated with the gauge- noninvariant matrix elements, arising in the collinear expansion of 
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wji^j^, cancel out and only the term shown in ^ remains, which guarantees the factorization 
of the cross section and the gauge invariance of the formula. In particular, the first condition 
^ can be proved using the Ward identities for color gauge invariance (see [2] for the detail) . 

Pragmatically, the authors of [4] reached the same formula ([6]), but only for the SGP 
contribution. We emphasize, however, that our argument leading to ([6]) is totally different 
from [4], in particular, ^ is the principal formula for all HP, SFP and SGP contributions. 

For the HP and SFP contributions in which zi ^ 2:2, can be rewritten as 



dSl'\ki,k2,q,Ph/z)pP 



ki —Xip 



S'i\xip,X2P.q,Ph/z). (9) 



Owing to this relation, one can obtain the relevant hard cross section in ([5]) also through 
X2P, q, Ph/z), which is much simpler to calculate than the derivative of the ampli- 



tude, dSl^\ki, k2, q, Ph/z)pP/dk2 ■ Since S']^'{xip, X2P, q, Ph/z) does not contain any 

derivative, the HP and SFP contributions do not appear as the derivative terms, such as 
those oc dGp{xiij,x)/dx or dGp{x(,j , x)/dx etc. For the SGP contribution, one has to cal- 

, because of the lack of the relation 

ki—Xip 

([9|) for xi = X2, and it gives rise to the derivative terms with dGpix, x)/dx. For the HP 
and SFP contributions, one can also rewrite the cross section in terms of Z?-type functions 
by using the relations ([3]) and ([4|) for Xi 7^ X2, without any subtlety. 

We have applied the above formalism to SIDIS and derived [2] the complete single- 
spin-dependent cross section for ep^ eirX associated with the twist-3 distributions for 
the transversely polarized nucleon, including all three kinds (HP, SFP and SGP) of pole 
contributions for Gf{xi, X2) and Gf{xi, X2)- 

Our twist-3 formalism can be easily extended to other processes, such as Drell-Yan and 
direct photon productions, p^p — > 7^*^^, and the pion production in pp collision, p^p — > ttX , 
which gives solid theoretical basis to the previously obtained cross section formula [4]-|10|. 

The work of K.T. was supported by the Grant-in-Aid for Scientific Research No. B- 
19340063. 
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